The finite element method (FEM) is widely used in the structural analysis of aircraft. In order to investigate the static and dynamic response of the whole structure different models are used: one-, two-and three-dimensional models. A new approach in the aircraft structural analysis is presented in this paper. A formulation for one-two-and threedimensional higher order models is introduced by means of the Carrera Unified Formulation (CUF).The CUF allows to develop refined theories where the order of expansion is a free parameter of the problem. The FEM is used to solve the problem in order to deal with any geometries and boundary conditions. The present model (CUF+FEM) is used to investigate some typical aircraft structure first considering the aircraft as a single beam with a non-uniform cross-section, and then by considering the aircraft built by different beams, one for each part of the aircraft (fuselage, wing, etc...). Two-and three-dimensional elements are used as 'node' in order to overcame the problem related to the assembling of higher order beams. In this work a simplified aircraft model is investigated. The different models considered are compared in terms of natural frequencies. The results show that the present model is able describe properly the aircraft dynamic response, by reducing the degrees of freedom (DOFs) needed in the analysis respect to the commercial code.
The finite element method (FEM) is widely used in the structural analysis of aircraft. In order to investigate the static and dynamic response of the whole structure different models are used: one-, two-and three-dimensional models. A new approach in the aircraft structural analysis is presented in this paper. A formulation for one-two-and threedimensional higher order models is introduced by means of the Carrera Unified Formulation (CUF).The CUF allows to develop refined theories where the order of expansion is a free parameter of the problem. The FEM is used to solve the problem in order to deal with any geometries and boundary conditions. The present model (CUF+FEM) is used to investigate some typical aircraft structure first considering the aircraft as a single beam with a non-uniform cross-section, and then by considering the aircraft built by different beams, one for each part of the aircraft (fuselage, wing, etc...). Two-and three-dimensional elements are used as 'node' in order to overcame the problem related to the assembling of higher order beams. In this work a simplified aircraft model is investigated. The different models considered are compared in terms of natural frequencies. The results show that the present model is able describe properly the aircraft dynamic response, by reducing the degrees of freedom (DOFs) needed in the analysis respect to the commercial code. Introduction and two classes of models have been proposed, the Taylor-expansion class (TE) and the Lagrange-expansion class (LE). TE models exploit N − order Taylor-like polynomials to define the displacement field above the cross-section with N as a free parameter of the formulation. Static [23] [24] [25] and free-vibration analyses [26] [27] [28] showed the strength of CUF 1D models in dealing with arbitrary geometries, thin-walled structures and local effects. Moreover, asymptotic-like analyses leading to reduced refined models were carried out.
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The LE class is based on Lagrange-like polynomials to discretize the cross-section displacement field. LE models have only pure displacement variables. Static analyses on isotropic 30 and composite structures 31 revealed the strength of LE models in dealing with open cross-sections, arbitrary boundary conditions and obtaining Layer-Wise descriptions of the 1D model. In this paper some new improvements have been introduced with respect the past works in order to address the problem of complex structures. A three-dimensional formulation based on the Carrera unified formulation is presented. Two different approaches are used in the analysis of aircraft structures: a singular non-uniform cross-section beam or multiple beam with non-uniform cross-section.
In fig.1a is depicted the first approach that involved a single beam with a non-uniform cross section. In fig.1b is shown the second method, different beams are used to describe the different parts of the aircraft, they must be rotate and can be merged during the matrix assembling phase in different way: the first is to introduce new relation between the structural nodes, the second is to use two-or three-dimensional elements as node where the different beam are connected, a three-dimensional model is presented in terms of unified formulation. Both the method are employed and compared. In the first part of this paper the models are described from the theoretical point of view. In the second the dynamic analysis of a simplified aircraft structure is performed by using different approaches.
I. Structural Unified Formulation
The whole theoretical model refers to the following notation. The transposed displacement vector is defined as:
where x, y, and z are orthonormal axes as shown in Fig. 2 . Stress, σ, and strain, ǫ, components are grouped as follows: 
Linear strain-displacement relations are used,
Where
Constitutive laws are exploited to obtain stress components,
The components of C are the material coefficients whose explicit expressions are not reported here for the sake of brevity, they can be found in.
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A. Displacement models
The generic three dimensional displacements model can be written as follow:
The three dimensional formulation can be reduced to the two-and one-dimensional formulation by introducing the function F τ . This function introduce an expansion in the thickens of the structure (2D formulation) or in the cross-section (1D formulation).
In eq.7 the function f τ has been introduced also in the 3D formulation in order to have the same notation for all the models, in this case the function f can be used different function. A complete overview of the function used in the 1D formulation can be found in the book by Carrea et al. 22 In this work two different expansion are used. The first one based on the Taylor formulation 21 (TE), the second one based on the Lagrange formulation 30 were the unknowns are the displacements only. The formulation of the 2D expansion 20 can be derived with a Equivalent Single Layer (ESL) approach or in a Layer Wise (LW) formulation. In this work the second approach, layer wise formulation, is used.
B. FE Formulation and the Fundamental Nucleus
The model derived by the introduction of the F n−D τ can be solved by using different approaches. In this work the FEM approach is used. By introducing the shape functions, N i , the eq.7 can be written in the following formulation:
Where the function N i are the Lagrange function and K is the number of node of the element used. The stiffness and mass matrices can be derived in the frameworks of the CUF formulation introduced by Carrera
23
that allow to derive a unified formulation where K and N can be considered as an input of the problem. The matrices are obtained via the Principle of Virtual Displacements,
Where L int stands for the strain energy, and L ext is the work of the external loadings. δ stands for the virtual variation. The virtual variation of the strain energy is given by:
The variation of the internal work is then written by means of the CUF fundamental nucleus,
Where K ijτ s is the stiffness matrix in the form of the fundamental nucleus. The explicit forms of the 9 components of K ijτ s are not reported here, they can be found in literature.
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The mass matrix can be derived in the same way by considering the inertial energy expressed by:
where ρ stands for the density of the material, andü is the acceleration vector. Eq. 13 is rewritten using Eq.s 3:
whereq is the nodal acceleration vector. The last equation can be rewritten in the following compact manner:
where M ijτ s is the mass matrix in the form of the fundamental nucleus. No assumptions on the approximation order have been done to obtain the fundamental nucleus. It is therefore possible to obtain refined 1D models without changing the formal expression of the nucleus components. This is the key-point of CUF which permits, with only nine FORTRAN statements, to implement any-order one-dimensional theories.
C. Fundamental Nucleus rotation
The formulation introduced can be generalized for elements arbitrary oriented in the space. The rotation matrix around the 3 axis can be written as:
where θ, φ and ξ are the rotation around the axis: x,y,and z. As showd in 3. The complete rotation matrix can be written as:
the generic displacement vector u expressed in the local system of reference,u loc , can be expressed in a global system of reference,u glob , by using the formulation: The fundamental nucleus expressed in the local system, [K ijτ s ] loc , of reference so can be turn in the global system of reference, [K ijτ s ] glob , as show in the following formulation:
D. Assembling approach
The different models one-, two-, and three-dimensional can be assembled very easily because all the formulations (except the one based on Taylor formulation) are expressed in terms of displacements. In fig.4 is shown as 2 different element can be linked. The assembling can be done by adding the stiffness of the nodes that must be linked. To use this approach the different matrices must be expressed in the same system of reference.
II. Results
In this section the results for different structure are presented. The first example are devoted to the assessment of the model for simple structure. A more complex structure is presented at the end in order to show the potentialities of the present model.
A. Analysis of transversal ribs by 1D CUF elements
Ribs could be considered as a 'very low' aspect ratio one-dimensional structure. The static response of a single rib is investigated in this section to assess the present model for the subsequent analysis. The geometry of the structure is shown in Fig.5 . The length, L, is equal to 0.2 [m]; the radius, R, of the circular cross-section is 1[m]. The structure is clamped in the centre (C) along the whole y-axis. The structure is loaded with a uniform pressure with a magnitude of 100 [Pa] acting along the radial direction above the whole y-axis and in the intervals: Order In Tab show that the present model is able to properly predict the displacements and the stress of a 'very low' aspect ratio beam. The results clearly show the capability of the present higher-order model to detect 3D responses of the thin ribs considered. At least a fifth-order model is needed to obtain good accuracy in the results. It is concluded that the present model is able to describe properly the transverse stiffeners. 
B. Variable kinematics model assessment
The dynamic response of a simplified model of aircraft is considered in order to investigate the capabilities of the model to combine different structural models. The geometry of the structure is depicted in fig.8 . The geometry is function of the parameter a that is considered equal to 0.5. The structure has a constant thickness of 0.2 × a. No boundary condition are applied, so the structure is completely free. The material used is aluminium. Different approach have been considered: • Singular beam non-uniform section approach: The results show that the analysis of a simplified aircraft structure may be carried out by means of higher order one-dimensional models. All the 1D model based on Lagrange Expansion (LE) are able to detect the first ten frequencies with a good accuracy. The introduction of 2D elements and 3D elements based on CUF formulation allow to connect higher order 1D model generally oriented in the space so make this approach suitable for complex structure. 
C. Sweep and Dihedral angle effects
In this section is used the same model presented in the previews one. The approach presented in Figure 13c is adopted. Two new parameters are introduced, the sweep and the dihedral angles are introduced in order to increase the complexity of the problem as shown in Figure 10 .
Three case are considered: the base model, a model with a sweep angle (ξ) equal to 20 degrees and the model with the dihedral angle (ϕ) equal to 10. The results are compared with those from the two-dimensional model used in the section above. Table 3 shows the first ten natural frequencies of the different models. The results are compared with those from the commercial code Nastran, in superscript is reported the percentage difference between the two results. The frequency evaluated using the present approach appear to be very close to the reference. With error that are between 1% and 5%, only the sixth mode shows a error higher than 10%.
In Figure 12 are reported the first five modes for the three models considered. In order to compare the results with those form Nastran in therms of modal shape the Modal assurance criterion (M.A.C.) is used. The M.A.C. can be defined as:
Where ζ p (i) is the i − th eigenvector from the present model and ζ p (j) is the j − th eigenvector from the reference model. The M.A.C, value is in between 0 and 1. Closer to one is the M.A.C, more similar Table 2 . First ten natural frequencies of the simplified aircraft model. 84.80 Table 3 . First ten natural frequencies of the simplified aircraft model for different configuration. In superscript is presented the percentage error with respect the Nastran solution.
are the modal shapes. The results are reported in Figure 11 . The results fo the base model show a very good correlation for the first ten modes. The model with the sweep angle equal to 20 degrees show a good agreement except for the sixth modes, the same that show a discrepancy in the frequency. The model with the dihedral angle equal to 10 degrees show a very good correlation except for a switch between the fifth and the sixth modes. In conclusion the results show that the present model can be used with structure with an arbitrary rotation.
D. Typical aircraft structure
In this section a typical aircraft structure is considered. The structure is shown in Figure 13 . It represents a part of fuselage with the wing connection. Ribs, longeron and thin skin are present in the same structure. The main dimensions of the structure are reported in Table 4 .
Dimensions [m] a= 3.000 d= 0.040 g = 0.224 b= 3.160 e= 1.080 h = 0.080 c= 6.000 f= 0.002 i = 0.035 Table 4 . First ten natural frequencies of the simplified aircraft model.
All the structure is considered built in aluminium alloy with a Young modulus equal to 71.7 [M P a], the poisson ration equal to 0.3 and a density of 2700[Kg/m 3 ]. The structure is considered symmetric, so for y = 0 and y = b are not allowed the displacement in y direction, for x = 0 are not allowed the displacement in x, the displacement in z are free, so the solution will provide a rigid-body mode.
The whole structure is solved using a one-dimensional model based on Lagrange expansion. The fuselage is considered as a beam axis in the y direction and a variable cross-section in order to consider the ribs. Also the wing is considered as a beam with the axis in the x direction. The structure are joined in the shared nodes.The complete model has 19056 degrees of freedom.
The results in terms of frequency are reported in 5, the rigid-body mode is not considered. Some modal shape are reported in figure 14 . The results are compared with those from the commercial code Nastran evaluated by means of a solid element model with about 30000 DOF.
The results show as the present model is able to predict pretty well the complex dynamic behaviour this structure. Many frequencies show a good agreement with those from the commercial code. The modal shapes in Figure 14 show that the model can predict very complex deformation that usually are not predicted by classical beam element. 
III. Conclusion
In the present work the dynamic response of aircraft structure is investigated. A unified approach base don Carrera Unified Formulation is introduced in order to easily handle different structural model; one-, two-and three-dimensional structural theories are used. In the first part of the article the different model have been assessed by solving different problems. In the second part of the paper a typical aircraft structure is investigated in order to show the potentiality of the present approach.
From the results it is possible to see that, the introduction of higher order models with only displacements as unknowns allows to connect different models very easily and with very good results. In this work the one-dimensional models, that are very attractive in the aerospace engineering because of the slender shape of many structures, have been coupled with two-and three-dimensional models that allow to describe properly more complex structures. The results obtained for the simplified aircraft show a very good correlation with those from commercial codes.
The same approach was used in the analysis of a more complex structure. The results show that the present model provides a solution that can be compared with those from a 3D model.
In conclusion the present approach allows to use simplified structural model to predict the dynamic response of complex structure. Table 5 . First ten natural frequencies of the typical aircraft structure.
